Abstract. We consider equivariant solutions of Schrödinger equations on C \ {0} with harmonic oscillator potentials. We determine the spaces of equivariant quantum states in three cases: for an isotropic and anisotropic harmonic oscillator potential centered at 0, and for a potential not centered at 0.
1. Introduction. We deal here with a particular case of the topological quantum mechanics (TQM). The classical configuration space in TQM is non-simply connected [1] , [2] and quantum states (or in other words wave functions) are suitable functions defined on the universal covering of the configuration space, or multivalued functions defined on the configuration space [3] - [5] .
We consider the system whose configuration space is the punctured plane C \ {0}. We study Hamiltonians with harmonic oscillator potentials. At first we consider the isotropic oscillator potential centered at the zero point. Using a suitable property of evolution operators we show that the space of equivariant quantum states in this case is the same as in the free particle case, so it is an infinite dimensional Hilbert space. Further we work with an anisotropic harmonic oscillator potential. In a similar way we show that the space of quantum states is the zero space. Finally we consider a harmonic oscillator potential centered at a point z 0 = 0. Using a power resolution method we get that there is no equivariant solution of the stationary Schrödinger equation. This means that the space of equivariant quantum states of this Hamiltonian is also the zero space. The paper is organised as follows. In section 2 we study some properties of evolution operators of a free particle and harmonic oscillator on a straight line. In section 3 we give some information about TQM. In section 4 we show that the space of quantum states in TQM is not the space of all equivariant square integrable functions and we give a consistent definition of the quantum states. In sections 5-7 we determine the space of quantum states for harmonic oscillator potentials in the TQM.
2. Some properties of evolution operators and propagators. Now let us deal with some problems in quantum mechanics on a straight line. We identify the straight line with the real axis R and take the standard metric d(x 0 , x 1 ) = |x 0 −x 1 | for x 0 , x 1 ∈ R. Then the Laplace operator is the second derivative ∆ = 
, we put here and in the sequel = 1. To study the properties of evolution operators we use propagator as the integral kernel of evolution operator. In the following lemma we give some properties of integral kernels and evolution operators.
Lemma 1. Let the kernel of an operator
is the kernel of the operator
where d denotes the dilatation operator
We omit the elementary proof.
Lemma 2. The evolution operator of the free particle of mass m satisfies the following formula
Proof. The propagator of a free particle [6] (6)
Using lemma 1 we get (5).
Lemma 3. The evolution operator U ω of a particle of mass m in the harmonic oscillator potential satisfies the following formula
where ω is the frequency of the oscillator.
Proof. The Hamiltonian of the oscillator is
where 1 2 mω 2 |x| 2 is the potential. The propagator of the system is given by the formula [6] 
So the propagator K ω can be expressed by means of K 0
From lemma 1 we get (10).
3. Topological quantum mechanics. Let us consider a physical system with a nonsimply connected space M of classical configurations. Let
a unitary one dimensional representation of the fundamental group of M , and let
be the standard left free action of the fundamental group on the universal covering M [7] .
is satisfied. Further we assume that the configuration space is a Riemannian space, and the covering is a Riemannian covering. This means that M is also Riemannian space and the covering projection
is a local isometry. So if g ( g resp.) is the metric on M ( M resp.) then
We assume also that dµ is the Riemannian volume form on M .
Let f and g be two χ-equivariant functions. We see that the product f g is a π 1 (M )-invariant function (g denotes here the complex conjugation of g). So we can identify f g with a function defined on the base space M . Further by means of the identification we define the scalar product of χ-equivariant functions by the formula
where dµ is the measure on M . The space of quantum states in TQM is usually defined as the Hilbert space of square-integrable χ-equivariant functions
χ (M, C, dµ) with the scalar product (17). We show by an example in section 4 that this definition should be complemented by a physical condition connected with the evolution of a topological quantum system. The kinetic energy operator of a one particle is
where ∆ is the Laplace operator on M . The equality (16) gives
Now let us consider a system whose configuration space is C \ {0}. The fundamental group of the space is isomorphic to the additive group of integers
We define the unitary representation χ ν by the condition
where ν ∈ [0, 1) is the so called encircling parameter. The functions
are examples of χ ν -equivariant functions, where g 1 , g 2 are power series of the holomorphic and antiholomorphic variables with integer exponents, z = x + iy, z * = x − iy, x, y ∈ R, be an equivariant solution of the Schrödinger equation with equivariant initial condition Φ(z, z * ) for the free particle system:
So we can write
where U 0 (t) is the evolution operator of H 0 = T . Now let us modify the initial condition:
Although the initial condition is also an equivariant one, the solution is not equivariant for t = 0:
So we see that the space of equivariant functions is not invariant in relation to the evolution operator of the free particle system. This example shows that we should reformulate the definition of the space of quantum states in TQM.
Definition. The Hilbert space of quantum states for a Hamiltonian H is
is called the topological evolution operator of the quantum system.
Isotropic harmonic oscillator.
In this section we consider the isotropic harmonic oscillator in C \ {0} with the Hamiltonian (33)
Theorem 1. The space of χ ν -equivariant quantum states for the Hamiltonian H ω is the same as for the free particle Hamiltonian H 0 = T .
Proof. From the formula (10) we have that
where D(a) is the homothety operator centered at 0 with scale a, U 0 (t) (U ω (t) resp.) is the evolution operator of TQM for the free particle (for the harmonic oscillator resp.). So the theorem follows from the next lemma.
Lemma 4.
be the spectral decomposition of the state f for H 0 = T , where E is energy and l is the repetition index. Then
6. Anisotropic harmonic oscillator. The next example will be an anisotropic quantum oscillator on C \ {0}. The Hamiltonian of the system is
Theorem 2. The space of χ ν -equivariant quantum states for the Hamiltonian H ω 1 ,ω 2 is the zero space.
Proof. From the formula (10) we get that the evolution operator for the system is U ω 1 ,ω 2 (t) = 1 √ cos ω 1 t cos ω 1 t (39) × exp −i m 2 (ω 1 2 x 2 tan ω 1 t + ω 2 2 y 2 tan ω 1 t)
where d x (d y resp.) is the dilatation operator in the x (y resp.) direction. Let Φ(z, z * ) = z ν g(z, z * ) be a quantum state from H 0 . So Φ(z, z * ) belongs to the domain of the operator U 0 (1).
The product of operators tan ω 2 t iy. We see that the expressions z t ν and
